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Abstract

Let (A, B) be a definite pair of n x n Hermitian matrices. That is, |z*Az| 4 |2*Bz| # 0
for all non-zero vectors x € C". It is possible to find an n x n non-singular matrix X with
unit columns such that

X*"(A+iB)X = diag(a; +i61, ..., @y +1i0,)

where a; and (3; are real numbers. We call the pairs (a;, 3;) normalized generalized eigenval-
ues of the definite pair (A, B). These pairs have not been studied previously. We rework the
perturbation theory for the eigenvalues and eigenvectors of the definite generalized eigenvalue
problem fAx = aBx in terms of these normalized generalized eigenvalues and show that
they play a crucial rule in obtaining the best possible perturbation bounds. In particular, in
existing perturbation bounds, one can replace most instances of the Crawford number

c(A,B) = min{|z"(A+iB)z| : 2 € C",z"x = 1}
with the larger quantity
dmin = min{|o; +16;| : j=1,...,n}.

This results in bounds that can be stronger by an arbitrarily large factor. We also give
a new measure of the separation of the jth eigenvalue from the kth:

(o + 1)) sin(arg(a; + ;) — arg(ay +i6))|-

This asymmetric measure is entirely new, and again results in bounds that can be arbitrarily
stronger than the existing bounds. We show that all but one of our bounds are attainable.
We also show that the Crawford number is the infimum of the distance from a definite pencil,
a fortiori diagonalizable, to a non-diagonalizable pair.
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1 Introduction

Let (A, B) be a pair of n x n Hermitian matrices. We say that it is a definite pair if
|z* Az| + |x*Bx| # 0 for all non-zero vectors = € C". We say that («, 3) is a generalized
eigenvalue of (A, B) with eigenvector z # 0 in C" if

BAr = aBz.

For a definite pair (A, B), there exists an invertible matrix X such that
X*"(A+iB)X = diag(ag +ib1, ..., an +1i0,)

where (a;, ;) are the generalized eigenvalues of (A, B) and the jth column z; of X is the
corresponding eigenvector satisfying 8;Ax; = o Bx;.

Clearly, if (o, 8;) is a generalized eigenvalue for the pair (A, B), then (da;, df;) is also
a generalized eigenvalue for any nonzero d. There are at least three ways to normalize the
eigenvalues. The perturbation bounds are highly dependent on the normalization. Stewart
observed this as early as 1972 [16, pp. 681-2], but later authors have not explicitly noticed
this.

First, one may require that

ai + 67 =1. (L.1)

In this case we get o + i3; = €%, where 6; is the argument of «; + i3; and we call §; an
eigenangle.> Second, in the case that B is positive definite, one can require that

B;=1. (1.2)

In this case the resulting «; is the cotangent of the eigenangle and it is a generalized eigenvalue
of Ax = A\Bux.

We propose a new normalization — choose (a;, 3;) so that the columns of X, the diago-
nalizing matrix, have unit length. In this paper, we shall focus on this third normalization,
and call them the resulting pairs normalized generalized eigenvalues of (A, B). The quantity

dj = ‘Oéj + Zﬁ]|

is important in our discussion. It is useful to identify the pair of real numbers («, 3) with
the complex number « + (3, and the Hermitian pair (A, B) with the general complex matrix
A+1iB.

This new normalization is the first key idea in our approach, however, we will have

occasion to use each of the other two normalizations.
The Crawford number of (A, B):

¢(A,B) = min{|z*(A+iB)x| : x € C", 2"z = 1} (1.3)

20ne may view (1.1) as requiring ||(j, B;)|| = 1, where the norm is the usual Euclidean norm. Then one
may consider allowing other norms. Stewart proposed using the max-norm that is, max{a;, 3;} =1 in [16,
p. 680]. The resulting (v, 3;) are within a factor of v/2 of those given by (1.1).
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Figure 1: The Crawford number versus d,

is just the distance from the numerical range of A + iB to the origin. A Hermitian pair
(A, B) is definite if and only if ¢(A, B) is positive. We also show (Theorem 2.1) that for
a definite pair (A, B), the distance to the boundary of the set of diagonalizable matrices is
also ¢(A, B). Thus one may view ¢(A, B) as a measure of how definite (A, B) is, and hence,
it seems natural that it should appear in perturbation bounds. However, we shall prove
perturbation bounds in terms of the normalized generalized eigenvalues and will show that
these bounds are stronger than those in terms of the Crawford number. Our contention is
that ideally, the Crawford number should not appear in spectral perturbation bounds for the
definite generalized eigenvalue problem, though it does determine the “domain of validity”
of the error bound.

The second key idea is that since the columns of X are now required to be unit we can
reduce almost all perturbation problems to the case of perturbing diagonal pairs where the
analysis is much simpler, at the cost of introducing a function of || X|| < /n into the bounds.
The condition number of X, that is, || X||||X ||, which can be very large does not enter our
bounds. This diagonalization approach simplifies the analysis, and allows us to replace the
Crawford number in bounds by the larger number

dmin =min{d; : j =1,...,n} =min{|a; +if;| : j=1,...,n}. (1.4)

Stewart and Sun [14] prove results in terms of ¢(A, B), but then observe that these results
are not satisfactory , and that the bounds should be in terms of d,,;,, as ours are. To see
that dyi, can be much larger than the Crawford number consider

Example 1.1 Take ¢ > 0 and let

=0 ) 2= 0

Then c(A, B) = € while dyyn = V1 + €2 > 1. Thus, dyn can be larger than ¢(A, B) by an
arbitrarily large factor. (See Figure 1.)

Our bounds will be in terms of the numerical radius:

r(T) = max{|z*Tz|: x € C",z"x = 1}
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Figure 2: The Separation of a; + i3 and as + i3,

rather than the more usual spectral norm. This results in cleaner analysis and bounds. The
properties of the numerical radius are described in Section 2.1.

Since we are working in terms of the normalized generalized eigenvalues we need a notion
of the separation between normalized generalized eigenvalues. We define the separation of

zj = o +if; = dje'% from zp = oy + i = dre®* to be |§;(0;)| where

Notice that |0,(6x)| is not symmetric in z; and z. It is the distance from the point z; in the
complex plane to the line through +z;. Alternatively,

0;(0) = min{|z| : arg(z; + 2) = arg(zy)(modm)}. (1.6)

See Figure 2.

Take € > 0 small. Notice that the complex numbers z; = € and 2z, = €™ though well
separated on the unit circle are not well separated in our new notion of separation. Note
that |sin(f; — 6x)| is just the distance from z; to zj in the chordal metric, which is widely
used in the analysis of the generalized eigenvalue problem.

We will show that our bounds that use this asymmetric measure of separation are asymp-
totically optimal in the diagonal case. The usual approach to measuring the separation of
zj from zj in this context would be to use something like

min{d;, di} |sin(0; — 6)|
which is smaller that |9,(6x)|. Some results are in terms of the even smaller quantity

c(A, B)|sin(0; — 6)|.



This is the main difference between our eigenvector perturbation bounds and those in the
literature, and is the reason that our bounds are stronger. It appears that |0;(6)| has not
been considered before.

Our approach results in close to optimal perturbation bounds for both eigenangles and
eigenvectors. The germ of our bounds for eigenangles was already present in Stewart’s 1972
paper, but then later authors were distracted by the apparent elegance of the Crawford
number. It appears that our bounds for the perturbation of eigenvectors and eigenspaces
are completely new.

In addition to our stronger bounds we answer two open questions from [14, Chapter 6].

Here is a list of the key results and their locations in the paper. They all depend on the
use of normalized geneneralized eigenvalues to preserve the “scale of the eigenvalue”.

1. The condition number of a simple eigenangle 6; is d;' (Theorems 3.3 and 3.5). Fur-
thermore, alj_1 bounds not only the local sensitivity of 6; but also the sensitivity to

small perturbations, those of size less than a certain easily computable quantity r; (see
the bound (3.6)).

2. We can use dp,, or a related quantity involving the d,’s, to replace ¢(A, B). In fact,
c(A, B) does not appear in any of our perturbation bounds! We may sometimes use

c(A, B) implicitly in the statement of our bounds to ensure that the perturbation is
not so large that we lose definiteness.

3. An ill-conditioned eigenangle, one with a small d;, can cause a nearby eigenangle to
be sensitive to small perturbations. Stewart observed this and called it ill-disposition
[16, pp. 685-6]. We explain that the problem is real, but not as serious as one might
fear. See Example 3.4 for an instance of “artificial ill-disposition”, and Examples 4.2
and 4.3 for instances of true ill-disposition. Theorem 4.6 gives a bound on how severe
ill-disposition can be, and Section 4.3 gives an over all discussion of the topic.

4. The separation of the normalized generalized eigenvalue d;e® from dye* is
10;(6k)| = dj| sin(0; — 6)]
not the larger quantity |d;je=* — dye~"|, nor the smaller quantities
c(A, B)|sin(0; — 6x)|, or min{d;,d}|sin(6; — 6y)|

even though these three quantities are symmetric in z; and z;. See for example,
Theorem 6.1, bound (6.4), and the discussion following the proof of Theorem 6.1.

5. In the diagonal case, the condition number of the jth eigenvector is A~ where
A = min{d;|sin(0; — ;)| : | # j}

(see Theorem 6.1 and (6.13)). In the general case it is at most || X |[2A7! < nA™! (see
the discussion at the very end of Section 6).
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6. The asymmetry of 0;(6;) means that the condition number of two complementary
eigenspaces can be very different. This is possible even in the case n = 2 (see Example
1.2). In the general case see, for example, Lemma 7.1 and Example 7.5

There are a number of interesting features of the perturbation theory for the definite
generalized eigenvalue problem that can be seen even in the 2 x 2 diagonal case.

Example 1.2 Consider the Hermitian pair (A, B) where

1 0 3 0
A—(O 0) and B_<O 106).

Its two eigenangles are 01 = 7/2 and 0, = arctan(3), with normalized generalized eigenvalues
(0,10%), and (1, 3) which we identify with the complex numbers z; = 0+10% and z, = 1+ 3i.

Using the theory developed in this paper we can deduce the following perturbation results

1. The condition number of #; is |z;|™' = 107% while the condition number of 6, is
20| 7! = & which is much larger.

2. The condition number of 6, the larger eigenangle, is a good measure of the sensitivity
of 6, for perturbations (E, F') with r(E +iF’) < 1, however, once r(FE + iF') is larger
than 1 the condition number of 5 is a better measure of the sensitivity of ;. This is
an instance of “ill-disposition”.

3. The condition number of the eigenvector associated with 6, is ¢; = |2z9sin(6; — 65)|
while the condition number of the eigenvector associated with 05 is ¢y = |21 sin(6; —6s)].
Thus, though the eigenvalue 6, is better conditioned by a factor of 10%?, its eigenvector
is worse conditioned by exactly the same factor.

Consider the perturbation

0 0.01
E_<O.01 0 >’ F=0.

Then if one computes the eigenvectors of (A+ E, B+ F') one sees that the eigenvector
corresponding to @, changes by about 1072 while the eigenvector corresponding to
0, changes by about 3 x 1078 which is about 1075 times the change in the first
eigenvector.?

We shall present several illustrative examples in later sections.

To conclude the introduction here is an outline of the paper. In Section 2 we present
some ideas that will be used throughout the paper — the numerical range and numerical
radius, rotating the definite generalized eigenvalue problem, the definition, uniqueness and

30f course, this is just a single perturbation, it does not prove the assertion about the conditioning of
the eigenvectors.



computation of normalized generalized eigenvalues, the Crawford number, and a discussion
of the reduction to the diagonal case.

In Section 3 we present our basic eigenangle perturbation bounds. At the end of the
section we present an example of ill-disposition—an ill-conditioned eigenvalue causing a nearby
eigenvalue to be sensitive to small changes. To better understand this phenomenon we look
at perturbation bounds for multiple and clustered eigenangles in Section 4. In Section 5 we
quantify the observation that off-diagonal perturbations of a diagonal pair cause only second
order perturbations in the eigenangles.

We turn our attention to eigenvector perturbation in Section 6 and eigenspace perturba-
tion in Section 7. Section 7 is rather long, containing an analysis of dif-the analog of sep in
the non-symmetric eigenvalue problem—and a version of Stewart’s Approximation Theorem
([15, Theorem 3.5], or [14, Theorem V.2.11]), both of which are necessary to obtain our
stronger eigenspace perturbation bounds.

2 Preliminaries

Here we present facts about some basic quantities and ideas that arise in this paper: the nu-
merical range, numerical radius, norms, and rotating the problem in Section 2.1; the compu-
tation and uniqueness of normalized generalized eigenvalues in Section 2.2, and the reduction
to the diagonal case in Section 2.3. Theorem 2.1 gives the distance to non-diagonalizability,
and is a new result.

2.1 Numerical range and norms

Recall that the numerical range of an n x n matrix T is
W(T)={a"Tx: 2 e C", z*x =1},

and that the numerical radius of T', 7(T'), is just the distance of furthest point in the numerical
range from the origin:

r(T) = max{|z*"Tz|: x € C",x"x = 1}. (2.1)

There are many beautiful results on the numerical range and the numerical radius [2, 3, 5,

6, 9, 10]. We shall use only some elementary results. There are a number of connections
between the numerical range and the definite generalized eigenvalue problem:

1. The generalized eigenvalue problem SAr = aBx (A, B Hermitian) is definite if and
only if the numerical range of A+iB does not contain the origin, and by the convexity
of the numerical range this is equivalent to the numerical range being contained in an
open half plane in the complex plane.

2. If the smallest wedge containing W(A +iB) is {z : ¢; < arg(z) < 62}, and 0 &
W(A+iB), then #; and 0, are the extreme eigenangles of (A, B). This is particularly



useful in the 2 x 2 case since then it is known that W (A +iB) is an elliptical disk with
the eigenvalues A\; and Ay of A + B as the foci and minor axis of length

V(A2 + B2) — [ A ]2 — [Af2.
See, e.g., [9, Lemma 1.3.3].

3. The normalized generalized eigenvalues are all contained in W(A+iB), and by the pre-
vious observation, at least two of them are on the boundary of W(A+iB). (Assuming
that the pair (A, B) is at least 2 x 2.)

4. The Crawford number is the distance from W (A +iB) to the origin, and for a definite
pair, it is the distance to the boundary of the set of diagonalizable pairs.

5. If we perturb (A, B) to (A+ E, B+ F) then r(E + iF') is the appropriate measure of
the size of perturbation (E, F).

Numerical analysts tend to prefer to use the spectral or operator norm, sometimes also
called the 2—norm:

| X|| = max{||Xz|| : z € C", 2"z =1} = \/ Apax(X*X)

rather than the numerical radius. The two quantities are very closely related. One can
always convert bounds in terms of one into bounds in terms of the other using the fact that

for any n X n matrix A
F(4) < [|4] < 2r(A).

We prefer the numerical radius because the results one obtains when using it tend to be
simpler to state, and only incidentally, very slightly stronger. Here are some other relations

between the spectral norm and the numerical radius that we will need. For any Hermitian
E and F

IE| = r(E)

and

: 1/2

r(E+iF) <r(E)+r(F) = |E|+ | F| < VZ(IIEI* + IFI?) "

It is easily shown that

r(E +iF) = max{|| cos(A)E + sin(0)F|| : 0 < 6 < 7},
(see, e.g., [9, Section 1.5]) and consequently that for any 6 € R

| cos(8)E +sin(0)F|| < r(E + iF). (2.2)

Note that for any n x n matrix X, we have
r(X*TX) = max{|2" X" TXa| : 2] = 1} < max{|y Tyl : [lyll < [|X]} < [ X[*r(T). (2.3)
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The numerical radius satisfies the following easily proved submatrix inequalities. Let

Ay A
A ( 1 12)
Ay Ax

where Aq; and Asy are square. Then

(g0 o)) = max{r(Au), r(4z)} < r(4), (2.4)

and
(R )] (2.5)

We will also use the Frobenius norm

1/2
| X[ F = (Z \%’\2) = (tr X*X)"?,

j
which is computed more easily than the spectral norm, to which it is related to by

X1 < 1 X][F < Vol X

2.2 Crawford number, distance to non-diagonalizable matrices,
rotating pairs

Let us now consider the Crawford number defined in (1.3). One of the important conclusions
from this research is that one can replace the Crawford number in bounds by the larger
number

Ain = min{|o; +46;] 1 j=1,...,n}.

To see that dy,y, is indeed larger, note that each of the unit generalized eigenvalues o + i3,
lies in the numerical range of A 4 ¢B and the Crawford number is just the distance from
W (A +iB) to the origin. Example 1.1 shows that the ratio ¢(A, B)/dmi, can be arbitrarily
small for definite pairs.

Another disadvantage of the Crawford number is that it is hard to compute. Until
recently, the usual approach was to note that the definition (1.3) is equivalent to

c¢(A,B) = max An(cos(8)A + sin(0)B),

and then attempt to solve the single variable maximization problem. Each function eval-
uation requires the solution of a Hermitian eigenvalue problem — that is, it requires O(n?)
flops*. One is interested in bounding c¢(A, B) away from 0, so if ¢(A, B) is small one will

4A “flop” is a floating point operation.



likely need many function evaluations in order to compute it to a reasonable relative accu-
racy. Higham, Tisseur and Van Dooren have shown how to compute ¢(A, B) by bisection,

solving an n x n quadratic eigenvalue problem at each step. [7].
A common approach is to estimate a lower bound on ¢(A, B) as follows. Suppose that

one knows that B is positive definite, and so ¢(A, B) > ||B~!||7!. Further, the first step in
the standard direct method for solving the definite generalized eigenvalue problem in this
context is to compute a Cholesky factorization of B: B = LL*. Given L one can easily

estimate || L7!|| = ||B7||*/2, at a cost of O(n?) flops using a condition estimator.
The Crawford number does however satisfy a very pleasant perturbation bound:

c(A+E,B+F)>c(A B) — r(E+1F),
and it is the distance to the boundary of the set of diagonalizable pairs.
Theorem 2.1 Let (A, B) be a definite pair. Then
c¢(A,B) =inf{r(F +iF): A+ Fand B+ F are not diagonalizable by congruence}. (2.6)

We need two lemmas to prove Theorem 2.1. The first one is a standard result character-
izing simultaneous diagonalizability by congruence.

Lemma 2.2 [8, Table 4.5.15, part 1 (b)] Let A, B € H,, with A invertible. Then A and B

are simultaneously diagonalizable by congruence if and only if A~'B is diagonalizable and
has real eigenvalues.

By Lemma 2.2, we can prove a limiting case of Theorem 2.1.

Lemma 2.3 Let A,B € H,, where n > 2. If ¢(A,B) =0 and W(A + iB) is contained in a
closed half plane, then for any € > 0 there is a pair E, F € H,, such that r(E +iF) < € and
the pair A+ E, B + F is not simultaneously diagonalizable by congruence.

Proof Let ¢ € [0,27) be such that W (e(A +iB)) = €W (A + iB) lies in the closed
upper half plane. Define A, B € H,, by A+ iB = ¢'*(A 4 iB). We show that there exists
E,F € H, such that r(E +iF) < € and the pair A+ F, B+ I € H, are not simultaneously
diagonalizable by congruence. Let E, F € H, be such that E + iF = ¢'*(E + iF). Then
E F € H, will satisfy the desired conclusion. For notational simplicity, we assume that
¢ =0, 1ie., (A, B)= (A, B).

Note that there is an invertible matrix X such that X*AX = diag(ay,...,a,) and
X*BX = diag(B1,...,5,), with 1 > --- > 8, = 0. We will determine (X*EX, X*FX)
with

r(X*EX +iX*FX) < | X|*r(E+iF) < || X]%.
Again, for notational simplicity, we may assume that X = I.

Note that for two Hermitian matrices P = P, @ P, and Q = Q1 ® Q2 with Py, Q, € H,
P and @) are simultaneously diagonalizable by congruence if and only if P; and @; are
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simultaneously diagonalizable by congruence for j = 1,2. Thus, we can focus on a 2 x 2
submatrix of the diagonal matrix A 4 B, and find a perturbation of it so that the resulting
matrix is not diagonalizable by congruence.

By our reduction, we have A 4B = diag(ay +if,. .., a, +i0,), and W (A + iB) is the
convex hull of the set {a; +i3; : 1 < j < n}. We consider two cases:

(a) W(A+1iB) touches the real line only at the origin. Then a; +i3; =0for j=1or 2.
Thus, we may permute the rows and columns of A 4+ ¢B and multiply A by —1 if necessary
so that we have oy > 0 and ap + i3, = 0.

(b) There is a line segment in W (A + iB) touching the origin. Again, we may permute
the rows and columns of A + B and multiply A by —1 if necessary so that we have a; > 0,

ay <0, 81 =06, =0.

Case (a): Take n > 0, and set &; = ay + 7, which is necessarily positive. Set

1 0 0 1
E‘”(O —1>’ and F‘”(l (a1+n>—1ﬂl>'

Then

~—1 ~—1
C—(A+E) " (B+F)= (O‘l_fl é?;llgl)’

which has eigenvalues a; '3 & i(a1n)"/2. Thus (A + E, B + F) is not diagonalizable. Now
take > 0 small enough so that r(E +iF) < e.

Case (b): Take
10 0 1
E—n(o _1), and F—n(l 0).

C=(A+E) (B+F)= (<a2 _On)_ln (@ +077)_1">

Then

has (non-zero) pure imaginary eigenvalues +n[(a; +7)(as —n)]~/? (note that (a3 —n)(ay —
n) < 0). By Lemma 2.2 the pair (A + E, B + F') is not simultaneously diagonalizable by
congruence. Now choose 7 > 0 sufficiently small to ensure r(E +iF) < e. O
Proof of Theorem 2.1 Take F +iF such that r(E+iF) = c¢(A,B),and 0 € W((A+E) +
i(B+F)). Set A=A =F, and B= B+ F. Now by Lemma 2.3 there is an arbitrarily

small perturbation of A and B that is non-diagonalizable. O
A useful operation is that of rotating a pair through an angle ¢. That is, replace (A, B)
by (A, B) = (cos pA — sin ¢B, sin ¢ A + cos ¢B). Note that if A and B are real then so are

A and B. One can check that A 4+ iB = ¢/®(A + iB). From this one can see that rotating
a pair through an angle ¢ leaves the eigenvectors unchanged, and that the new eigenangles

are éj = 0; + ¢. Clearly, such replacements will not affect our comparison of the values

11



(aj,3;) = (cosb;,sinb;) and (a;, ;) = (cosb;,sinb;), nor will they change r(E + iF) or
c(A, B). In fact, we can choose ¢ so that B is positive definite such that

c¢(A,B) = \(B) > r(E+1iF),
where \,(B) is the smallest eigenvalue of B. Further, we may arrange a; and (3, so that

“l<ay<---<a,<1, ie, #>60,>--->6,>0.

2.3 Computation of normalized generalized eigenvalues and vec-
tors

Proposition 2.4 Let (A, B) be a Hermitian pair with B is positive definite. Then X is
wnvertible with unit columns satisfying

X*(A+iB)X = diag(ay + 01, ..., + 105,) (2.7)

if and only if X = BY2US for some unitary U such that U*(B~Y2AB=Y?)U is diagonal
and S = diag(1/sy,...,1/s,) with di = 1/8; is the jth diagonal entry of U*B~'U for
7=1...,n.

Proof. Suppose X is invertible with unit columns and satisfies (2.7). Comparing the
skew-hermitian parts, we see that X*BX = diag (f,...,0,), and hence U = BY2XS is
unitary if S = (X*BX)"'/2. One easily sees that U and S satisfy the asserted conditions.

The sufficiency of the proposition can be easily verified. O
Note that the normalized eigenvalues (aq, 1), .., (an, B,) are not uniquely determined

for a given definite pair (A, B) with B > 0 if B~'/2AB~"/? has repeated ecigenvalues. Nev-
ertheless, one may impose an additional assumption on the matrix X so that the resulting
normalized eigenvalue pairs will be uniquely determined. We mention a few possibilities in
Proposition 2.5. More importantly, in the rest of the paper, we will see that this lack of
uniqueness does not compromise the utility of the bounds we derive.

Proposition 2.5 Let (A, B) be a definite Hermitian pair. Then the diagonal matrixz on the

right side of (2.7) will be uniquely determined up to permutation if either of the following
assumptions is imposed on X.

1. X is chosen so that (aj, B;) = (ag, Bx) whenever 6; = 6.

2. det(X*X) has the mazimum (or minimum) value among all possible matrices X sat-
isfying (2.7).

Proof. We may rotate the pair (A, B) to make B positive definite. So we assume that B
is positive definite.

Suppose X = B~Y2US satisfies (2.7). If B~Y/2AB~/2 has k distinct eigenvalues with
multiplicities nq, ..., ng, respectively, we may further assume that U = [Up]---|Uy] is in

12



block form so that the columns in U; span the eigenspace of the jth distinct eigenvalue of
B Y2AB Y2 for j=1,...,k.

For 1, we want to choose U so that U B~1'U; has constant diagonal entries for j = 1,..., k.
One can always do that (e.g., see [9, Theorem 1.3.4]) by replacing U; by a suitable U;W},
where W; is an n; X n; unitary matrix, so that W UrB ~1U;W; has constant diagonal entries
equal to (tr UrB~'U;)/n;. Even though the choices of W;’s are not unique, if one modifies X
according to U, the resulting diagonal matrix X*BX will be uniquely determined, namely;,
the jth diagonal entry equals the reciprocal of that of X*B~1X. One easily checks that the
diagonal matrix X*AX will then be uniquely determined also.

For 2, we want to choose U so that the product of the diagonal entries of U ;B_lUj has
minimum or maximum value depending on whether we want det(X*X) to be maximum or
minimum. It is well-known that the former case happens if U} B ~1U; is in diagonal form, and
the latter case happens if U ;B_lUj has constant diagonal entries (as in 1). By arguments
similar to those in the preceding paragraph, these cases can be attained and the matrix

X*(A+iB)X will be uniquely determined. O
From the proof of the above result, one sees that the conditions imposed on X can be
translated into conditions on the diagonal entries of the matrices U ]’-"B_lUj forj=1,...,k.

As a result, one can easily impose other conditions on X that will lead to a unique diagonal
matrix X*(A+iB)X.

2.4 Reduction to the diagonal case

One often tries to reduce a problem to the diagonal case since it is much simpler. In the
Hermitian eigenvalue problem there is no cost to this transformation since the diagonal-
ization can always be effected using a unitary similarity which preserves norms. In the
non-symmetric (or non-Hermitian) eigenvalue problem one cannot always diagonalize the
matrix, and even when one can, the similarity may be arbitrarily badly ill-conditioned so
the resulting bounds are very weak. We shall see that the definite generalized eigenvalue
problem is in-between these two cases, closer to the Hermitian eigenvalue problem since
diagonalization introduces a factor of at most n into the bounds. Here are the details.

Let (A, B) be an nxn definite pair, and let (E, F) be a perturbation such that r(E+iF") <

¢(A, B). Let X be an invertible n x n matrix with unit columns such that
X*AX = DA, and X*BX = DB

with D4 and Dpg diagonal. Since the columns of X are unit we have

1 X < |X||lr = VIrX*X = /n.

The inequality is strict because X is required to be invertible.

Now suppose that we want to relate the eigenvalues and eigenvectors of the perturbed
pair (A+ E, B+ F) to those of (A, B). Applying the same transformation to the perturbed
pair we have

X(A+E)X =D, +X"EX =Dy + E
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X*(B4+ F)X =Dp+ X*FX =Dg+ F,

where .
IE|| = | X*EX| < IX|?|IE|| < n|lE|

IF|| = [|IX*FX|| < [IXIPIF] < nllF]
and . )
r(E+iF)=r(X*(E+iF)X) < || X||*r(E +iF).
Let P be a matrix such that p; = 0 and

(I 4+ P)(Da+ E)(I+P)=Dy4, and (I +P)*(Dg+ F)(I+ P)= Dy

and the D and Dy are diagonal. The eigenangles and eigenvectors of (D4 + E,Dp + F)
are related as follows:

1. The eigenangles of the pair (D4 + F, D+ F) are the same as those of (A+FE, B+ F).

2. The generalized eigenvalues of the problem (D4 + E)z = A(Dp + F)z are the same as
those of (A + E)x = AN(B+ F)x.

3. The normalized generalized eigenvalues of the pair (D A+E,Dg+F ) are not necessarily
the same as those of (A+ E, B+ F).

4. The jth eigenvector of (D4 + E.Dp + F) is e; + P; while the jth eigenvector of
(A+E,B+F)is
Xj = X(e; + P;) :Xj+ijka. (2.8)
k#j
Here, for any matrix Y let Y} denote the kth column of Y, and let e, denote the k the
column of I, as is conventional.

Notice, from 1, 2, and 3 above, that eigenangles and generalized eigenvalues are preserved
under congruence, but normalized generalized eigenvalues are not. The fact that normalized
generalized eigenvalues are not preserved under congruence is not a reason not to use them,
it is just the price that we must pay to get optimal perturbation bounds. Note also, even if

the X}’s are unit, the vector Xj is not necessarily unit. We have the bounds

XM ICes + Pl < 11X < valle; + Pill = v

The basic problem is that the set of matrices with unit columns is not closed under
multiplication.
We know that we can bound the difference between the eigenvalues and eigenvectors of

(A+E, B+F) and those of (A, B) in terms of the difference between those of (D 4+E, Dg+F)
and those of (D4, Dp). A natural question arises: are the bounds that we get attainable?

They are easily shown to be attainable in the diagonal case. Let (E, F ) be a perturbation
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that attains, or almost attains, the bounds in the diagonal case. We can then back-transform
this perturbation to get

(E,F)=(XT*EX"L, X*FX).
Unfortunately, in doing this we may have greatly increased the norm of the perturbation
(E, F) since
IZ[ < IXTHPIE and ]| < [|X (2]

and even though we know that X ! exists we have no a priori bound on its norm. In short,
the attainability of the bounds in the diagonal case does not automatically guarantee the
attainability of the bounds in the general case. We use more careful arguments to show that
the bounds are approximately attainable.

The basic problem is that the set of matrices with unit columns is not closed under
inversion.

Interestingly, ill-conditioning of X is not always bad in the context of perturbation
bounds. Suppose that X is invertible, but that all its columns are almost parallel to X7, its
first column. In particular, suppose that

Xp=1+) X +aW) k=20
where V}, is a unit vector orthogonal to X, and ¢, < e which is small. We may also assume,

without loss of generality, that p;, > 0. Then the first perturbed eigenvector is

X1+Z Prich Vk:OéXl—i‘ﬁU

k=2 \/1+ € k=2 /1+ €2

where
n
la] = 14> |pul > 1,
k=2
n
18] < > ol < V7l Plle,
k=2
and v is a unit vector, which, being a linear combination of V5, ..., V,,, is necessarily

orthogonal to X;. Set X; = X;/a = X; + (8/a)v. Then, if we let f(u,v) denote the angle
between the vectors u and v, we have the bound

[ tan6(X1, X1)| = [tan (X, X1)| = | X, — Xul| = |8/al < Vo Ple.

So, as € — 0, the matrix X becomes increasing ill-conditioned, but, our bound on the
perturbation of the eigenvectors becomes smaller.

In the Hermitian or non-Hermitian eigenvalue problems we diagonalize a matrix using
a unitary or invertible similarity. Both these classes of matrices are closed under inversion
and multiplication. This is not the case for the set of matrices with unit columns that we
will use to diagonalize a definite pair. Despite this, the perturbation results we obtain are a
powerful argument for the use of diagonalizing matrices with unit columns and the resulting
normalized generalized eigenvalues.
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3 Eigenangle Perturbation Bounds via min-max

It is known that if 6, is a simple eigenangle, then its condition number is dj_l.5 The condition

number gives perturbation bounds for asymptotically small perturbations. In this section
we derive perturbation bounds for larger perturbations. A common approach to deriving
bounds for larger perturbations from conditioning information is to integrate the condition
number. This approach is satisfactory, though not elegant, when the condition number itself
does not change dramatically. The d;’s however, can change rapidly:

Example 3.1 Let

10740 Lo —5x 1077 5107
A_( 0 0)’ B_<0 102>’ E_<5><10—5 0 ), and F =0.

It is easy to see that (A, B) has dy = |ag + 61| = 1 and dy = |ag + iffz] = 100. One can
compute dy = |ag + zﬁl\ ~ 1.01 and dy = |Gy + 132| ~ 5.10. Thus a change of the order of
5 x 1075 in the matrices produces a change of the order of 10? in ds.

Our eigenangle bounds are based on the following basic min-max result, which is just
[14, Lemma VI.3.1] with the eigenangles ordered in the opposite order.

Lemma 3.2 Let (A, B) be a definite pair. Then

6 = pmin_ mexarg(z”(A+iB)c) (3.1)

and

6, = dinrlrg%czj min arg(z*(A +iB)x). (3.2)

We shall assume throughout this section that A and B are diagonal. This is not a serious
assumption since one can always diagonalize them by an X with unit columns. The same
transformation applied to the perturbations F and F' will increase their norms by a factor

of at most || X]|* < n. (See Section 2.4.)

Set 7 = r(E +iF). Let D; denote the disc in the complex plane centered at «; + i3;
with radius . One might hope for a Gerschgorin-type result stating that the normalized
generalized eigenvalues of (A, B) are contained in the union of the D;’s. Example 3.1 shows

that this is not the case® but these discs do give useful information on the perturbation of
eigenangles.

5This fact can be derived by considering first order perturbation theory and can be extended beyond
the definite generalized eigenvalue problem to the general case generalized eigenvalue problem [14, Section
VI.2.1].

50ne can prove a Gerschgorin Theorem for eigenangles as opposed to normalized generalized eigenvalues—
see for example [14, Corollary VI.2.5]. Again, this is not a reason to not use normalized generalized eigen-
values. The bound on eigenangles given by Theorem 3.3 that involves normalized generalized eigenvalues is
actually stronger than a Gerschgorin bound on eigenangles.
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Figure 3: Computation of u; and [;

The disc Dj, see Figure 3, is contained in the wedge

{z:]; <argz <wu;}

where
I, = 6;—sin"'(r/d;)) (3.3)
uj = 0; +sin"'(r/d;). (3.4)
We would like all the discs D1, ..., D, to be contained in an open half plane to ensure
that uy,...,un,lq,...,[, are contained in an interval of length less than 7. This is equivalent

to requiring r < ¢(A, B). Since A and B are diagonal, ¢(A, B) is easy to compute.
Let us bound the eigenangles 6; of (A + E, B + F). Since A and B are diagonal they

are diagonalized by X = I. Choose j € {1,...,n} and let Z be any subset of {1,...,n}
of cardinality j. Using the min-max theorem for the arguments of the unit generalized
eigenvalues

0, > min argz*((A+1iB)+ (E+iF))x
b= zespan{xy:k€T},||x||=1 & (( ) ( ))
= min arglr*(A+1iB)x + 2" (FE + iF)x
zespan{xzy:k€l},||z||=1 g[ ( ) ( ) ]
> minfarg(y+z2) :y € conv{oyp +ifx: k€ I}, z € W(E +iF)}
> min{arg(y+ z) 1 y € conv{ag +ifx : k € I}, |2| <r(E+iF)}
> min{argw : w € conv Uger Dy}

= min{ly: k € Z}.
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Notice that because the di’s are not all the same the [;’s are not necessarily in decreasing

order. Order them and call the resulting numbers l,lf. Since the analysis above is valid for
any index set Z of cardinality j, we have shown

0; > 1.

Let ui denote the ordered u;’s. In the same way we get an upper bound, and hence, we have
the result

Theorem 3.3 Let A = diag(ay,...,a,) and let B = diag(f4, ..., 0,). Assume that (A, B)

is a definite pair and that r(E + iF') < ¢(A,B). Then 01,...,0,, the eigenangles of (A +
E, B+ F), satisfy

u]l-Z(nglj, j=1,...,n. (3.5)

In Example 3.4 later in the section we present an application of this theorem, and show
that it is stronger than a Gerschgorin type theorem.

il
J

Crawford number. The Crawford number appears only in the conditions that ensure the
validity of the bound (3.5).

The bounds in (3.5) certainly are easily computable, and given the a;s and ;s the bounds

Notice that the upper and lower bounds u; and ljl» are completely independent of the

would be easily computable in software. However, the l,ﬁ notation hides the roles of the size
of the perturbation and the moduli of the normalized generalized eigenvalues. Here are two
ways to simplify, though slightly weaken, the result and so make it easier to grasp its content.

First suppose that 6; is a simple eigenangle. (We discuss the condition number of a

multiple eigenangle in Section 4.) Recall that ljl- and u]l-, the ordered I’s and u’s, defined in
(3.3-3.4), are functions of r. Let’

r; = max{t : l]l-(r) > [;(r) and uj(r) < u;(r) for all 0 <r <t}

Then

0, — 6] < sin”" (LE - iF)
d;

That is, for perturbations (E, F') with r(E 4 iF') < r;, the perturbation in 6; is bounded
by the size of the perturbation multiplied by the condition number. In other words, the
condition number, which is based on purely local information, gives bounds that are valid in
a non-trivial interval.

It is important that the perturbations remain small for 1/d; to give a good measure of

) , i r(E4iF) <7y (3.6)

the sensitivity of §;. We will see this and a number of other points in

It is elementary, though tedious and unenlightening, to give an explicit formula for r;. The key is the
following observation. Suppose that 6; > 6; and that d; < d;. Then for small 7, u;(r) > u;(r), but for large
r, u;(r) < u;(r). When are they equal? One can check [19] that they are equal when

o d;d;|sin(6; — ;)]
2+ dZ — 2d;d; cos(0; — 0;)
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Example 3.4 Let

1 0 1 0 1 0
AZ(O 1000)’ B:<o 1001)’ £=0, F:(o 0)'

Then (A, B) has
0, = arctan(1.001), 6, = arctan(1), d; = V10002 + 10012 ~ 1.4 x 10>, and dy = V2.
Also, r =r(E +iF) = 1. For (A,B) = (A+ E, B+ F) we have

6, = arctan(1.1), 6, = arctan(1.001).

So )
01 — 6] = 4.7 x 1072

while r(E +iF)/dy = 7 x 107 4is much smaller.

Thus, for perturbations of this size, d;* no longer gives a good estimate of the perturba-
tion of 0y, if fact, d; ' gives a better estimate: r(E +iF)/dy = 7 x 1072, The ill conditioning
of 85 has infected the better conditioned eigenangle #,. Stewart and Sun observe that this is
possible [14, Problem VI.3.1, p324|. Earlier Stewart called this phenomenon ill-disposition
[16, pp. 682-686, esp. 685].

Plotting the normalized generalized eigenvalues clarifies what has happened here: The

eigenangles 6; and 6, have crossed, and in fact, if we pair 05 with 0; and 6, with 6y they do
satisfy the bounds in Theorem 3.3:

|t§2 - 61‘ =0 S Sil’l_l(.]_/d1>, and |t§1 - 62‘ = .048 S Sin_l(.l/dg).

This suggests that the notion of ill-disposition is just an artifact of the labelling of the eige-
nangles. In the next section we show that ill-disposition is indeed real — one ill-conditioned
eigenangle can cause nearby eigenvalues to be very sensitive to perturbations, and that
relabelling eigenangles will not make the problem go away.

Let us compute the bounds on 6; and 6, from Theorem 3.3 in this example. Evaluating
the formulas (3.3-3.4) we get

[y = 0.785827, wuq; = 0.785969, [, = 0.714628, uy = 0.856168.
Since uq is larger than u; we have u% = uy and u% = u;. Theorem 3.3 tells us that

0.785827 < f; < 0.856168, and 0.714628 < 6, < 0.785969. (3.7)

(See Figure 4.) There are several points to make about these bounds. Firstly, the intervals

containing 6; and f, are not of the same length, nor are they symmetric about 6; and 6s.
One can show that each of these intervals taken individually is the smallest possible interval
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increasing 6 | | | |

Figure 4: u; and [; related to Example 3.4

containing the relevant 6; so any intervals that have the “desirable” properties of being the
same length or symmetric about the 6; are necessarily weaker. Secondly, though the intervals

(11, u1] and [ly, us] intersect we still get different intervals [Iy, uo] and [ly, us] that contain 6

and 6y, so Theorem 3.3 is stronger than a Gerschgorin type bound. Thirdly, the bounds
(3.7) do not preclude

‘él — (91| =~ ‘UQ — ‘91| =7X 10_2
and 3

‘92 — 92| ~ |lg — 6‘2‘ =7X 10_2.
That is, at this stage we cannot eliminate the possibility that both eigenangles have moved an
amount approximately dy 'r(E+iF). That is, our bounds do not reflect the well conditioned-
ness of #;. In the next section we will do a more careful, and more complicated, analysis to
show that it is not possible to have both |§1 — 6] ~ |ug — 61| and |§2 — by] = |ly — 6.

A second approach to simplifying the perturbation bound (3.5) is to notice that

l,lg > 0 —sin~! (r/dmi,) and u,ﬁ <O +sin™! (r/dumin)
and hence we have

Theorem 3.5 Let A = diag(ay,...,a,) and let B = diag(fy, ..., 0,). Assume that (A, B)

is a definite pair and that 7(E + iF) < c¢(A,B). Then 61,...,0,, the eigenangles of (A +
E, B+ F), satisfy

(3.8)

0, — 6;] < sin™ (M) ‘

dmin

Stewart and Sun [14, p. 303] observed that 1/d; is the condition number of 6; — that
is, 1/d; is a measure of #;’s sensitivity to small perturbations. It appears not to have been
observed that 1/dy,;, is a bound on the sensitivity of the eigenangles for larger perturbations.

Stewart and Sun [14, Corollary VI.3.3] give essentially the same result with d;, replaced
by ¢(A, B) which is always smaller and can be much smaller — see Example 1.1. They observe

that their results [14, Theorem VI.3.2 and Corollary VI.3.3] are unsatisfactory and that one
would expect the bound to involve d,;, — just as ours does. Their result is valid for all
definite pairs, not just diagonal pairs. We drop the diagonality assumption, at the cost of a
factor of n, in Corollary 3.6 and obtain the bound (3.9).
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Corollary 3.6 Assume that (A, B) is a definite pair and that X has unit columns and is
such that
X" (A+iB)X =diag(ay +ify, ..., +i6,).

Assume further that

r(E +iF)| X[ < o diag(an, .., o), diag(Br, -, Bn) )-

Then 61, .. ..,0,, the eigenangles of (A+ E, B+ F), satisfy

~ 2 . .
0, —6;] <sin™* (HX” ZZ(E i 2F>> < sin™! <M> : (3.9)

4 Multiple and Clustered Eigenangles

We have seen that the condition number of a simple eigenangle 6; is just dj_l. We have also
seen that if there is an ill-conditioned eigenangle 6, with condition number dj*, close to 0;,
then the ill-conditioned eigenangle makes the eigenangle 0; sensitive to perturbations that
are (loosely speaking) larger that d|sin(f; — 6y)|. Let us see what happens when we have a
multiple eigenangle.

4.1 Typical perturbations

Consider

Example 4.1

2 0 1 0
A_(O 2000)’ B_<O 1000)'

This pair has a repeated eigenangle § = arctan(1/2). The normalized generalized eigenvalues
are not uniquely determined, but we may take them to be (2 + ¢) and 1000(2 4 7). When
the pair is subjected to random perturbations of norm about .1, one of the two resulting
eigenangles differs from 6 by about .1, while the other differs by about .1 x 1073, Thus it
would seem that di' ~ 1 and d;* ~ 1072 are a good indication of the sensitivity of the
repeated eigenangle 6. The problem of understanding this phenomenon was mentioned as
an open research problem by Stewart and Sun [14, p. 300]. We first show that the issue is
more complicated that it appears, and then we explain it.
Take the carefully chosen, non-random perturbations

E:%(S 1) F:—%(g 1) (r(E +iF) = 1), (4.1)

This gives two eigenangles 7/4 1073, That is, the perturbations in the eigenangles are
both of size 1073 = v/10~! x 10~3r(FE + iF), rather than one being r(E + iF) = 107! and
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the other being 1073r(E +iF') = 10~*. The perturbation (4.1) is a worst case perturbation,
rather than a “typical perturbation”. We analyze worst case perturbations in the next sub-
section, where we also give a more dramatic example of the difference between worst case
perturbations and average case perturbations (Example 4.2).

First consider the simple case where all the eigenangles of the definite pair (A, B) are
identical. Since we may rotate the pair (A, B) and thereby rotate its eigenangles also,
we may assume without loss of generality that all the eigenangles of (A, B) are /2, or
equivalently that their cotangents are 0, which in turn is equivalent to A = 0. Recall that
the cotangents of the eigenangles are the generalized eigenvalues of the problem Ax = ABux,
which are the eigenvalues of the Hermitian matrix B~/2AB~Y/2. If ¢ is close to 7/2 then

| cot(¢)| = |m/2 — ¢|. Thus, for small perturbations of the eigenangles, the perturbation of
eigenangles is approximately the same as that of their cotangents. In this section we will
look at the perturbation of the cotangents of the eigenangles, that is, the eigenvalues of
B_1/2AB_1/2.

Since A = 0 we may diagonalize the pair (A, B) by a unitary similarity, so assume, without
further loss of generality that B is diagonal, and that its diagonal entries are d; < dy < - -+ <

d,, with d; > 0. The cotangents of the eigenangles of the pair (A+ E, B+ F) = (E,B+F)
are the eigenvalues of (B + F)~Y2E(B + F)~'/2, which are the same as those of

C = (I + B YV2FpB~Y2)~V2(B=Y2EB~Y2)(] 4+ B~\2FpB~1/2)71/2, (4.2)
since

B+F _ B1/2(1+B_1/2FB_1/2)31/2
_ [(I+B_l/2FB_1/2)1/QBl/2]*[(I+B_l/2FB_1/2)1/QBl/2].

Ostrowskii’s inequality [8, Theorem 4.5.9] tells us

Ai(C)

. 12 o p—1/2
Awin( [+ B7PFB0) < s p iy

< Amax(I + BV2FB1/2) (4.3)

and hence
Ai(O)
(B-1/2EB-1/2)

1—HBAWFH§Ai < 1+ [IB7HIF]|. (4.4)
We expect F to be small, so we shall analyze the eigenvalues of B~Y2EB~Y2 and then
use (4.4) to convert the results to information on the eigenvalues of C. If for example,
r(E4iF) < dyin/2, then since || F|| < r(E+iF'), the bound (4.4) tells us that the eigenvalues
of C'and B~Y/2EB~'/2 differ by a factor of at most 2. We are now left with the problem of
understanding the eigenvalues of the symmetric matrix B~/2EB~1/2.

Notice that if the d;’s vary greatly in magnitude, then B~Y/2EB~Y/2 will be a graded
or block graded matrix. Stewart and Zhang have looked at a very similar problem. They
explained why, in the non-symmetric eigenvalue problem, it may happen that a multiple
eigenvalue, may split into several eigenvalues that lie at different distances from the original
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eigenvalue. These distances are, they show, “more a characteristic of the matrix than of
the perturbation”. They have presented an admirable explanation as to why typically the

magnitudes of the eigenvalues of B~Y/2EB~1/2 will be of the order of
di'|El| = d Bl = - > d | B (4.5)

Their results are more precise than this, and they give conditions, that guarantee that this
“typical” behavior actually occurs. Their conditions involve certain Schur complements of
E [18, Sections 2 and 3]. Since E is the perturbing matrix the conditions describe the
perturbations that result in “typical behavior”. This typical behavior occurs provided that
certain cancellations do not occur, and hence the name “typical” is appropriate.

Let 6; denote the eigenangles of (A+E, B+ F), ordered in decreasing distance from 7/2,
then the results of Stewart and Zhang imply that for typical small perturbations

0, —m/2| is of the order of d;|E]. (4.6)
Following Stewart and Zhang we may call the numbers
d1_17d2_17"'7d;1 (47>

the “(typical) condition numbers of the multiple eigenangle 6", with the understanding that
they represent the typical size of perturbations of the multiple eigenangle #. Notice that
we are not saying that the second furthest eigenangle from 6 will differ from 6 by at most

a moderate multiple of dy'r(E + iF), it could well differ by much more, as we will see in
Example 4.2.

4.2 Worst case perturbation of a cluster

We begin with a example where the typical behavior does not occur.

Example 4.2 Taoke
1 0 0 10-¢
azo m=() 5) (2 19°), peo

The eigenangles of (A, B) are both 6§ = w/2. The eigenangles of (A+ E, B+ F) = (E, B)
are the arc-cotangents of the eigenvalues of

B_1/2EB_1/2 _ < 0 10_9)

that is, cot ™ (£107%) ~ /2 £ 107,

Thus, the two eigenangles of (A + E, B + F) both differ from the multiple eigenangle of
(A, B) by about 107 = v/1-10-6 x ||E|| rather than by the “typical” 1-||E| = 107% and
1079||E|| = 1072, In particular, the closest eigenangle of (A + E, B + F) to 7/2 is much
further than 1072 from 7/2.

Since (A, B) above has repeated eigenangles, this example does not, strictly speaking,
illustrate ill-disposition. A slight perturbation of it does. Consider
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Example 4.3

0 0 10 0 107
A‘(o 10—12)’ B‘(o 106>’ E‘(m—ﬁ —10—12)’ F=0

So let us now address worst case perturbation bounds. We will consider the case when
the pair (A, B) has all its eigenangles in a tight cluster. This includes the case where (A, B)
has only a single eigenangle. From the preceding analysis one sees that one needs to bound

the absolute values of the eigenvalues of B~'/2EB~'/2 when E = E* and B is diagonal. We
give a simple partial answer as to what is the best bound on the kth largest eigenvalue (in

absolute value) of B~/2EB~1/2,

Proposition 4.4 Let E = E* have norm al most 1. Let B = diag(dy,...,d,), where the
d; are diagonal are positive and in increasing order. Let |\i| > || > -+ > || denote
the ordered absolute values of the eigenvalues of B~Y2EB~Y2. (In fact, |\ is just the kth
singular value of B~Y/2EB~/2). Then we have the two bounds

& 1/k
-1
‘)‘k| < (1_[1dj ) ’ (4.8)
]:

and
1/2

el < ((n =k + 1)d;'dy ) (4.9)

Proof Let \;(E), j = 1,...,n be the eigenvalues of E, also ordered in decreasing absolute
value. In other words, |\;(E)| is just the jth largest singular value of £, |\;| is the jth largest
singular value of B~Y/2EB~1/2, The singular values of £ are at most ||E| = 1 in absolute

value. Thus, the standard product inequality for singular values due to A. Horn (see, e.g.,
9, Theorem 3.3.4]) yields

k k
X< TT I < TT IuE) T < 1] d;
j=1 j=1

j=1
N 1/k
j=1
which is (4.8).

Now consider (4.9). The j-th column of B~/2EB~/2 has norm at most (d;'d;")"2.
Thus for any unit vector x with first £ — 1 entries 0 we must have

|BTV2EB™Y2¢|| < Vn — k + 1(dYd; H)Y?,

and the bound (4.9) now follows from min-max. O

hence
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Sometimes the bound (4.8) is stronger, while sometimes (4.9) is. When k& = 2 the two
bounds are identical, and the example we presented shows that they are attainable.

The second ingredient of our analysis of the worst case perturbation of a multiple eige-
nangle is the following simple perturbation bound for Hermitian matrices.

Lemma 4.5 Let A and E be Hermitian matrices. Let n;,i = 1,...,n be the eigenvalues of
E, ordered so that |ni| > |ne| > -++ > |nu|. Then at most k — 1 eigenvalues of A+ E lie
outside the interval

[)‘min(A) - |77k‘7 )‘max(A> + |77k|]

Proof Let E = Y | n;z;xf be a spectral decomposition of . We will decompose F as
a sum of two matrices — one with norm || and one with rank at most & — 1 as follows. For
1<k, let
M = sign(n)|ne|, and 7 = n; — 7.
The = E; + E5 where

n k—1
E, = Zﬁixixf, and, FEy = Z i
i=1 i=1
Since ||E1|| = |nk|, all the eigenvalues of A + Fj lie in

[Amin(4) = 75|, Amax (A) + [m]]; (4.10)

and since E, has rank at most k — 1, at most k — 1 eigenvalues of (A + E}) + FE5 lie outside

the interval (4.10). O
We can now give worst case bounds on the perturbation of a cluster of eigenangles.

Theorem 4.6 Let the definite pair (A, B) have all its eigenangles in the interval
[7/2 — 0y, ©/2+01).
Let X be such that
X"AX =diag(ay,...,ap), and X*BX = diag(f,...,0)
and 1 < --- < (,. Let (E, F) be a perturbation such that
r(E+iF) < c(A,B). (4.11)
Then at most k — 1 eigenangles of (A+ E, B + F) lie outside

[7T/2—§2, W/2+§2],

where
= atan 20 £l XL
1= [ X[ Fl| 8y
and
. 1/k s
ex = || X||* min (H e 1) ((n—k+1)87'8.7)
j=1
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Proof The eigenangles of (A + E, B + F) are the same as those of (D4 4+ E, Dp + F)
where £ = X*EX and F = X*FX . The condition (4.11) ensures that (A, B) is definite
and hence so is (D4 + E,Dp+F ). By Lemma 4.5 at most k — 1 eigenvalues of the Hermitian
matrix D;/ (D4 + E)D;l/ ? lie outside the interval

[ (tan(6y) + exl| XIP[ E]]), (tan(6r) + e[| X[ E])].

This fact together with Ostrowskii’s Inequality (4.4) tells us that at most k — 1 eigenvalues
of the Hermitian matrix

(Dp+ F)"Y*(Dy + E)(Dp+ F)Y? =
(I+ D" FDg"*)D"*(Da + E)Dg*(1 + Dp'* D) ~/2
lie outside the interval

tan(6h) + [ X[PIE] tan(6) + el X[PI £
1—|F|Br 1—|F|6t

Converting this to a bound on eigenangles and bounding || F|| by || X||?||F|| gives the desired
result. O

Since the preceding result is a worst case bound we have taken pains to give a precise
bound — complete with complications. However, the interpretation of this result is straight-
forward. Typically we would apply this theorem with @, and (E, F) both small so that
B~ di, 1 — || X||?||F||B;* =~ 1 and tan(6) =~ 6;. Thus, 0y ~ 0; + ;|| X||?|| E||, and the worst
case perturbation of eigenangles in the cluster is bounded in terms of €.

Theorem 4.6, as stated, is very specialized but it can easily be applied to the general
case of pair that has a cluster of k < n eigenangles around 6 # /2 as well as n — k other
eigenangles.

Since we can rotate the pair (A, B) we may apply the result for values of 6 other than
0 = m/2. This rotation will result in a change in | E|| and ||F'||, so in this case replace these
quantities by r(E + ¢F), r(F + iF') which are rotation invariant and larger. (See Section 2
for a discussion of the rotation a pair.)

Now suppose that (A, B) has a cluster of eigenangles around 6 and also other eigenangles
well separated from 6. This case can be reduced to the case of a single cluster by block
diagonalizing the pair by congruence. This will increase the norm of the perturbation by a
factor of at most 2.

4.3 Ill-disposition

What can we say about ll-disposition—the phenomenon where an ill conditioned eigenangle
causes other nearby eigenangles to be sensitive to perturbations? For simplicity let us assume
that the definite pair has eigenangles 6; # 6, that are close to each other and that these two

are simple and are well separated from the other eigenangles. Let us assume that dj_l, the

condition number of §; is small, but that d;.', the condition number of 6, is large. How can
the ill-conditioning of 0 affect the sensitivity of ;7
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1. We have seen in (3.6), that provided r(E+iF) < r;, the sensitivity of §; depends solely
on dj_l. One can check that if € > r; then there is a perturbation E + ¢F such that

r(E+iF) < e and the jth eigenangle is multiple. So, ill-disposition can only occur if
the perturbation is large enough to allow 6; to merge with another eigenangle.

2. However, once we have a multiple eigenangle, we have seen that the quantities dj_l

and d,;! are the “typical condition numbers”, measuring the sensitivity of the multiple

eigenangle to “typical” perturbations (4.6). So even in this case we will not typically
observe the effects of ill-disposition. Sometimes, as in Example 3.4, it is necessary to

reorder the eigenangles in order to have the perturbations of the order of dj_lr(E +iF).

3. Examples 4.2 and 4.3 show that it is possible to construct a particularly bad perturba-
tion so that both 6; and 8, are more sensitive than the condition number dj_1 suggests.

However, the bound on ¢ in Theorem 4.6 shows that the sensitivity of the less sensitive
eigenangle is at most

d;'d;t mot dyt.

In short, for small perturbations and “typical” perturbations, alj_1 and d;' measure the
sensitivity of the eigenangles. Even in the worst case, at least one eigenangle has sensitivity

bounded by \/djfld,gl. In Stewart’s words “it is possible to overemphasize the effects of
ill-disposition” [16, p. 685].
5 Quadratic Eigenangle bounds

It is well known that if A is a simple eigenvalue of a diagonal matrix then off-diagonal
perturbations of the matrix cause only quadratically small perturbations in the eigenvalue.
This has been quantified in the case of the Hermitian eigenvalue problem [17, 12]. We shall
use the basic Schur complement method used in [12]: That is, assuming that X is invertible,

the Hermitian matrices

are congruent, and hence have the same inertia. To see that they are congruent compute

(YD) () o

Let

A = diag(d; cos(6y),...,d,cos(0,)), and B = diag(d;sin(6y),...,d,sin(6,)).
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We do not assume that the #; are ordered. Let A = A1 @ Ay and B = By @ Bay where Aqy
and Bj; are both m x m. Let

o 0 RA o 0 RB
E‘(R:z 0> a“dF‘<R*B 0)

where R4 and Rp are mx (n—m). Let us relate the eigenangles of (A4, B) and (A+E, B+F).
Let 6 be different from 6;, for i = 1,...,m. Let s = sin(f) and ¢ = cos(f). Then, by
(5.1), s(A+ FE) — ¢(B + F) is congruent to

(SAH — CBH 0 )
0 SA22 — CB22 — (SRA + CRB>*(SA11 — CBH)_l(SRA + CRB) ’

which we may write as

(SAH — CB11 0 > _ <SA11 — CBH 0 )
0 5A90 — cBay — Q22(9) 0 8(A22 - SQ22(9)) - 0(322 + CQ22(9))

where

QQQ(Q) = (SRA + CRB>*(SA11 — CB11>_1(SRA + CRB).
Set

0= (o op))

A1(0) = min{|d;sin(; — 0)| : 1 =1,...,m.}.
Note that since Q(6) is Hermitian

and

r(=sin(0)Q(0) + icos(0)Q(9)) = r(e™Q(6)) = QD) (5.2)

and that

QU = [|Q2(0)]

AT (0)] sin(@) R4 + cos(0) R

ATH(0)] sin(0)E + cos(0) F||?

ATHO)r*(E +iF). (5.3)

IN

IN

We have used (2.2) for the last inequality.
In short, sin(#)(A + E) — cos(#)(B + F') is congruent to

sin(0)[A — sin(0)Q(6)] — cos(8)[B + cos(8)Q(6)].
Thus if 0 is an eigenangle of (A + E, B+ F)) it is also an eigenangle of
([A—=sin(@)Q(0)] , [B+ cos(0)Q(0)] ),
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and so @ differs from an eigenangle of (A4, B) by O(||Q(0)]|), which is quadratic in r(E+iF').%
This basic idea has been exploited in a number of ways in the context of the Hermitian
eigenvalue problem in [12]. It was easier to exploit the idea in the context of the Hermitian
eigenvalue problem because there every eigenvalue is equally well conditioned (in fact, with

condition number 1!); and the condition number bounded the sensitivity of both small and
large perturbations. Neither of these features is present in the generalized eigenvalue problem
— even if we assume definiteness. It is because of these complications that we state only the
simplest possible quadratic perturbation bound and do not pursue the generalizations that
were relatively straightforward in [12].

If we assume definiteness then there is a natural ordering of the eigenangles and so we

can specify which eigenangle of (A4, B) is close to the eigenangle 6 of (A+E,B+F).
Theorem 5.1 Let
A = diag(d; cos(6y), . ..,d,cos(6,)), and B = diag(d;sin(6,),...,d,sin(6,)).
Let
E=(p, o) @i F=(p, )
where Ry and Rp are m x (n —m). Assume that (A, B) is a definite pair. Fiz k and let 0y
(respectively, 0,,) be the kth eigenangle of (A, B), (respectively, (A+ E, B+ F)). Define

Ay (0) = min{|d;sin(0; — 6;)| - j =1,...,m.},

and
dmine =min{d; : j=m+1,...,n}.
Assume } )
Ai(0y) >0, and r*(E+iF)ATY(6,) < (A, B).
Then

~ 2 )
10, — 0| < gin~! (M) )

(5.4)
A1 (ek) : dmin,2

Proof Let s = sin(f;,) and ¢ = cos(f),). We have seen above that s(A + E) — ¢(B + F)
is congruent to

s[A — sQ(ék)] —¢[B + cQ(ék)]

Since the kth eigenangle of (A + E, B 4 F) is 6y, it follows that the kth eigenvalue of s(A 4
E)—¢(B+ F) is 0, and so by congruence, the kth eigenvalue of

s(A = 5Q(6))) — c(B + cQ(br))

8Notice that so far we have not required that B be positive definite.
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is also 0, whence it follows that the kth eigenangle of the pair
(A~ sQ(0r), B+ cQ(fx))

is 0. Now, since Q is 0 except for the 2,2 block, it follows from (a very slight modification
of) Theorem 3.5 that every eigenangle, and in particular the kth eigenangle, of the pair

(A —5Q(6)), B+ cQ(fy)) is within

sin-! <T(SQ(5k) — iCQ@))) I (M)

dmin,2

dmin,2

of the corresponding eigenangle of (A, B). The asserted bound (5.4) follows from this and
the bound (5.3) we have on Q. O
We could have permuted the blocks of A and B and so exactly the same result is valid
with
Ay (0y) = min{|d;sin(0; — O)| :j=m+1,...,n.},

and
dmine =min{d; : j=1,...,m}.

6 Eigenvector perturbation

In this section we look at eigenvector perturbation, and we do not assume that the eigenangles
are ordered. Recall that in (1.5) we defined

9;(0) = d;sin(8 — 6;).
We begin with the diagonal case.
Theorem 6.1 Suppose that
A = diag(d; cos by, ... ,d,cos8,) and B = diag(d;sinb,...,d,sinb,),

that (A, B) = (A, B) + (E, F) and that sin(0)A — cos(0)B is singular for some 0 € R. Let

A = min{|§(0)|,1 # 5}
and assume that

r(E+iF) < A. (6.1)
Let w € €' denote the jth column of cos(é)E + sin(é)F with its j-th element deleted.
Then there is a vector v € C" with v; = 1 that is an eigenvector (not-necessarily unit)
corresponding to 6 for which we have the norm bound
AN AN
lo=ell < 7= A—1r(E +iF) Il = == @

E+iF), (6.2)
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and, for k # j, the entry-wise bound

(6.3)

o A (E + iF
ol < \5k1<9>|(|wk|+ (B +:iF) ku)

1—A-r(E+iF)
< 10 (el + o+ 250 s Eein) 6

We have included the intermediate bounds in terms of w because in Theorem 6.3 we
deduce a bound in the general non-diagonal case from the diagonal case, i.e., Theorem 6.1.
By using the intermediate bound rather than the right hand bound in (6.2) the bound in
Theorem 6.3 contains || X[, not || X%

There are two points to note about this result. First, we do not require that (A+FE, B+F)
is definite. Second, since v; = 1 we know that v — e; is orthogonal to the unit vector e;.

A

Consequently, (6.2) implies the “tan6” bound:

AL
— —llwll-
1 - A-lr(E+iF)

[ tanf(e;, v)| = [lv — ¢ < (6.5)

Proof We prove the result in the case j = n. The general case can be reduced to this by

permuting rows and columns. Let (p ) with p € "' be a (non-unit) eigenvector associated

1

with the eigenangle 8. We will prove the existence of such an eigenvector at the end of the
proof: For the time being let us assume it.
Only in this proof, for any matrix Y, we shall let Y7 denote the matrix obtained from Y

by removing its last row and last column. Set D; = sin(#)A; — cos(0)B; (we use D; rather

than D for simplicity of notation). Then, since A and B are diagonal,
Dy = diag(61(), ..., 6,-1(0)), and D' =A~"

Let R = sin éEl — cos éFl. Let w be the last column of sin §F — cos§F without the last
entry. The first n — 1 rows of the condition

(sin @A — cos 0B) (?) =0 eR"

are
w+Dip+Rp=0 €R", (6.6)

which yields the exact expression for p:
p=D;'(I+RD") w. (6.7)
Now, using (2.2) and (2.4), we have
IR|| = | cos(A)Ey + sin(0)Fy|| < r(Ey 4+ iFy) < r(E +iF).
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Thus taking norms in (6.7) we get the left-hand bound in (6.2). To obtain the right hand
bound we need only show ||w| < r(E +iF). Let e and f denote the last columns of E and
F with their last entries deleted. Using (2.2) and (2.5), we have

ol = (3l
cos(0) <£k 8) + sin(f) (]9* é)H

(e o)+ (o))

< r(E+iF)

IA

For the entry-wise bound we write (6.7) as

p=D;*(I+ i (=RD;{Y)™w = Dy 'w + Dy Y( i (=RD;{H)™w). (6.8)

m=1

The kth component of this is vector is at most

o~ o~ RD7!
1516 ] + 16,(8) | — 1”1||le!- (6.9)

1—||RDy

By Cauchy-Schwarz,

|wg| = |COS(9~)6kn +sin(§)fkn\ < /leknl? + | frnl?.

The asserted entry-wise bounds (6.3) and (6.4) follow from (6.9) and our bounds on D;*,
R, |wgl|, and [|w]|.
Finally, let us prove that there is an eigenvector of the form (p” 1)7 corresponding to 0.

Let (p” )T be an eigenvector corresponding to 6. If we can show that ¢ must be non-zero
then we may divide the vector by it and get an eigenvector with nth component 1. The
proof is by contradiction. If ¢ were 0 then the condition

(sinfA — cos OB) ({?) =0
would imply

Dip+Rp=0 (6.10)

that is, that (D; — R) is singular. However we know that it is not singular. To see this note
that (6.1) gives A —r(E +4F') > 0, and hence, 0 ¢ W(D; — R). O

Note that in addition to deriving the rigorous perturbation bounds (6.2) and (6.4) we
have an exact expression for the perturbation in (6.7).
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When E and F are sufficiently small the bounds (6.2) and (6.4) assume the asymptotic
form

lo — (ef v)e; ]| = max{|é; ' (6;)], k # j}r(E +iF) (6.11)

J
o] ~ (6, (0,) 4/ lexs] + | fis]- (6.12)

The exact expression (6.7) tells us that the coefficients max{|d; *(6,)],k # j} and |5; ' (6;)]
in (6.11) and (6.12) are the best possible. In particular, if the jth eigenangle is simple then
the condition number for jth unit eigenvector is

and

1 1
min{|0x(0;)] - k # j}  min{d;sin(|0; — Ox]) : k # 5}

(6.13)

The condition number of the eigenvectors, even in the diagonal case, in the generalized
eigenvalue problem has not been explicitly determined before’. The quantity in (6.13) in-
volves both the separation of 6; from the other eigenangles and the magnitudes of the other
normalized generalized eigenvalues, taken together. Usually authors have, in effect, indepen-
dently measured the separation of §; from the other eigenangles (using some kind of gap),
and then the minimum of the magnitudes of the other normalized generalized eigenvalues
(using the Crawford number, min{dy, : k # j}, or |[B7'||), and finally combined them to
give an upper bounds on the condition number, see for example [14, Theorems 3.7-3.10] [1,
p 59, first eigenvector bound]|. From the form of (6.13) one can see that it is not possible
to compute, or even estimate to within a constant factor, the condition number (6.13) using
only the separation and the minimum magnitude.

The quantity [04(6;)| = dk|sin(6; — 6)| is not symmetric in j and k, and so the eigenvec-
tors corresponding to two close eigenangles may, perhaps surprisingly, have different condi-
tion numbers. Suppose that

03, (05,) = min{|0x(05,)] - k # 71},

that is, the eigenvalue («;,, 3;,) is the closest eigenvalue to the line in the “direction” 6;, and
conversely, suppose also that,

5]'1(‘9]'2) = min{|5k(‘9j2)|> k # ]2}
Then the unit eigenvectors corresponding to ¢;, and 6;, have condition numbers
1072(05) 7" = (dj| sin(8;, —6,)) 7",

and
105, (05,)| 7" = (dj,| sin(0;, — 6,)]) "

9The statement on [14, p. 322] about a condition number is not strictly correct, the quantity Stewart
and Sun give is an upper bound on the condition number, and we show in Section 7 that it can over estimate

the true condition number by an arbitrarily large factor.
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respectively. Since d;, is not necessarily the same as d;, these two condition numbers are not
necessarily the same. Let us assume that d; < dj,. The unit eigenvector corresponding to
the eigenangle 8}, is better conditioned than the unit eigenvector corresponding to ¢;,, even
though the eigenangle 6;, is better conditioned that 6#;,. Actually, one should not expect
a connection between the conditioning of the eigenangle and the eigenvector since, asymp-
totically, the eigenangle is changed only by diagonal perturbations, while the eigenvector is
changed only by off-diagonal perturbations. Here is an example:

Example 6.2 Let

1 0 1 0 0 1074
A_<O 1000)’ B_<O 1001)’ E=0, F_<1O_4 0 )

Then for (A, B) we have

The pair (A, B) is diagonalized by X = I while (A+ E, B+ F) is diagonalized by

5 ( 1 —.099501)
~19.9999 x 10 0.99504 /-

In this example

L—14,

02(60)[ 7" = |dasin(6y — 62)]”
|- 7' =1.4 x 10%.

01
|51(82) L \dlsin(Gl—Qg)

Thus the first generalized eigenvector is better conditioned than the second. Since the size
of the perturbation is 7(E + iF) = 10~* one would expect the perturbation in the first
normalized generalized eigenvector to be about 1.4 x 107, it is in fact about 10~%, and the
perturbation in the second normalized generalized eigenvector to be about 1.4 x 107!, it is

in fact about 107

Demmel has observed that the condition number for a problem is often proportional
to the inverse of the norm of the smallest perturbation that makes the problem ill-posed
[4]. Let us consider the condition number x for the problem of computing the eigenvector

corresponding to o + i3; = de®, still assuming that A and B are diagonal. The problem

of computing an eigenvector is ill-posed if the eigenangle is not simple. Our analysis shows
that the condition number is

(min{r(E +iF) : 0 is a multiple eigenangle of (A+ E,B+ F)})™ (6.14)
and not the apparently similar, but potentially much larger quantity

(min{r(E +iF) : the jth eigenangle of (A+ E,B+ F) is multiple})™". (6.15)
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The difference is that in (6.14) the jth eigenangle is held fixed at # and one must move one
of the other eigenangles to 6, while in (6.15) one is free to move the jth eigenangle also. The
difference between these two quantities can be large if 6, is ill-conditioned, but the other
nearby eigenangles are not. Demmel’s principle, while still applicable, must be carefully
interpreted here.

Now consider the general, non-diagonal case. The bounds contain || X||?, which we may
not know. In this case replace it by the larger quantity n.

Theorem 6.3 Let (A, B) be a definite pair and suppose that X € M,, has linearly indepen-
dent unit columns and

X*(A+iB)X = diag(ay + 01, ..., an +i6,).

Suppose that (A, B) = (A, B)+(FE, F) and that sin(§) A—cos() B is singular for some 6 € R.
Let
A =min{|5,(8)] : | # j}
and assume that
|1 X||°r(E +iF) < A.
Then there is a vector v € C" that is an eigenvector (not-necessarily unit) corresponding to

6 for which we have the norm bound

A1
A~ X|]?r(E +iF)

v — X;.|| < . X r(E +iF). (6.16)

Proof We know from Theorem 6.1 (the left hand bound in (6.2)) that the pair
(X*AX, X*BX) = (diag(av, ..., an) + X*EX, diag(31, . .., ) + X FX)

has an eigenvector u, corresponding to 0, such that

A~ 1
“als e Erex

[u (6.17)

where w is the jth column of X*(cos(f)E + sin(f)F)X with its jth entry deleted. So,

lwll - < [[[X*(cos(0)E + sin() F) X1, |
1X™(cos(6) E + sin(6) F)|| [ X,
= || X*(cos(9)E + sin(0)F)||
1X7[[[| cos() E + sin(6) |
| X ||r(E+iF), (6.18)

IA

IA A
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again using (2.2) for the last inequality. Now note that Xe; = X;., while v = Xwu is an

eigenvector corresponding to . The asserted bound (6.16) follows from (6.17) the bound
(6.18) and [| X (e; —w)|| < [|X|[[le; — ul|. O

Let us derive a “sin §” theorem. Let P denote the projection onto X;. and let y = X ;.4 Pv.
The vector X;. —v = X(e; — u) is not necessarily orthogonal to X;. so we cannot deduce a
tan @ bound from (6.16), but we still have that X;. is a unit vector, and so (6.16) yields the
“sin #” bound

A1
A~ X|]?r(E +iF)

|sin0(X;.,v)] < Jlo = X5 < — IX|*r(E +iF).

Let us compare our bound (6.16) with [14, Chapter 6, Theorem 3.8 | asserting that

LEN? + I F11?
< B 6.19
Il < (6.9
where 3
d = min{|sin(6; — 6;)| : 2 < j <n} >0.
To first order in ||E + iF||, the right hand side of our bound (6.16) is
1 2 .
X | X" - r(E+iF), (6.20)
while the right hand side of (6.19) is
1
5e(AB) (B2 + 172 (6.21)

(Note that 7(E + iF) < |E|| + ||F|| < V2(|E||* + |F||*)*/?.) The major difference be-
tween these two quantities (6.20) and 6.21 is that we have A instead of dc(A, B). This is a
potentially huge improvement since

5¢(A, B) < Sdpin < A

and the ratios
dc(A,B)  ¢(A,B) 0dmin
= d
5dmin dmin > A
can be arbitrarily close to 0 — even in the 2 x 2 case. We see this for the first ratio in Example
1.1. For the second ratio consider Example 6.4 below. Note that when the perturbation is

small, taking j = 1 for ease of comparison,

0 ~ min{|sin(f; — 6,)| : 2 < j <n}

and
~ min{|d;sin(f; — 6;)| : 2 < j < n}.
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Example 6.4 Take ¢ > 0. Let

=305 Y)

Then
min{|sin(0; — ;)| : 2 <j <n} =1/V2
and
5dmin ~ 6/\/§
However,

A ~min{|dysin(0; —0,)| : 2 < j < n} =|dysin(f; — )] = V2/V2=1
independent of €.

We can also get bounds on k; , the condition number of the unit eigenvector correspond-

ing to 6;, in the general non-diagonal case. From (6.16) it follows that
kx, <|X[*PA7N (6.22)

Notice that || X ~!|| does not appear in these bounds — near collinearity of eigenvectors does
not produce ill-conditioned eigenvectors. Indeed, as we saw at the end of Section 2.4 it can
improve the conditioning of eigenvectors.

7 Eigenspace perturbation

Now let us consider the problem of bounding the perturbation of an eigenspace. We wish to

(o 1) m) (e )

are block diagonal. Since both matrices are by construction Hermitian, it is enough to ensure
that their (1,2) blocks are both 0. The resulting equations are

and

AnQ+ PAyy = —(Ein+ PELQ)
Bi1Q + PByy = —(Fia+ PF,Q)
or equivalently,
T(P,Q) = —(Ei+ PELQ, Fiz+ PF)Q), (7.3)
where T is defined by
T(P,Q) = (AnQ + PAs, BuQ + PBx). (7.4)
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We shall identify the n x 2n matrix [X Y] with the pair (X,Y’). Incidentally, if X and Y

are real then ||[X Y]||r = ||X + Y.

We need to bound the norm of the solution to this system of non-linear equations. Stewart
and Sun have done this — see for example [14, Theorem VI.2.13]. Their method was to obtain
a bound on the solution to the linearized system, they then use this, and a theorem on the
norm of the solution of a non-linear equation in terms of the norm of the solution of the

linearized version [14, Theorem V.2.11]'°. Unfortunately, they worked in terms of the norm

1P, @)ll7 = max{[|P|[r, Q| }.

Consequently, they obtain the same bound on P and (). In the last section we have seen
that different eigenvectors can have different condition numbers, so we would like to bound
P and @ separately. We follow the general approach in [14] but bound P and @ separately.

7.1 dif(A,, Bi1, Ag, Ba,)

Let us consider the linearized version of (7.3): T'(P, Q) = (E12, Fi2). It has solution (P, Q) =

T~ (Eiy, Fi3). Stewart and Sun wanted to bound ||(P, Q)| = max{||P||r,||Q||r} so they
defined

dif (Aq1, Bi1, Agg, Bas) = inf || T(P, 7.5
1( 11, P11, A22 22) ||(P7221)1||721H( Q)H}‘ ( )

which is with in a factor of v/2 of the perhaps more natural definition

dif(All, Bll,A227BQQ) = ||(PQ HT(P Q)HF = ||T 1|| 1 (76)

We wish to bound P and () separately, so we define

difp(An,BH,AQQ,BQQ) = ||P‘1|Pf>1||T(P Q)HF—”HPT 1“ ! (77)
difo(Ar1, Bir, Asz, B) = o >1 IT(P,Q)llF =TT~ 7, (7.8)

where IIp and Iy denote the projections defined on M,, ,, & M, ,, given by I1p(P, Q) = (P, 0)

and Io(P,Q) = (0,Q). Since {(P,Q) : |P|r > 1} C {(P,Q) : |(P,Q)|= > 1}, and
{(P,Q): |Qllr =1} C {(P.Q): |(P,Q)|| > 1}, it follows that

dif p > dif, and difq > dif. (7.9)
Also,
dif ' = |77 = |TpT ' + T < |HpT 7Y + | T || = dif o' + dif,'.  (7.10)
So from (7.9) and (7.10) we have

max{dif 5", dif,'} < dif 7' < dif 5" + dif "

10This approach was first employed by Stewart in 1971, but few others have employed his powerful method
[15, Theorem 3.5].
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The quantities dif p and dify will play an important role in our analysis, so we would like
to understand them and be able to compute them. Here is a formula for dif p and difg in
the diagonal case.

Lemma 7.1 Let
A = diag(d; cos(6y), . ..,d,cos(6,)), and B = diag(d;sin(6,),...,d,sin(6,)).

Let Ay and Byy be m x m. Let P and Q@ be m X (n —m) and such that

AQ+ PAy = Ep (7.11)
BHQ + PB22 = F12 (712)
Suppose that
E = [ers];rzrll,s:m—&—l? F = [frs]ﬂrll,s:m—s—l? P = [ TS]:ZTIL,s:m—&—l? and Q = [pTS]:ZTIL,s:m—&—l'

Then, form+1<1i<n and 1 < j <m, we have the entry-wise bounds

1
o<
bl < |dj sin(6; — 6;)]

1 TS
‘Qij| S \dsm(@ — 9)‘ |€ij‘2 + ‘f”P (714)
i ) j

leij|? + | fiz]? (7.13)

Furthermore,
difp = max 16;(60:)7 (7.15)

difg = max. 16:(0,)71|. (7.16)
, J= m

Proof Take 1 <i < m and m+ 1 < j < n and consider the 7, j entry of the equations
(7.11-7.12). For simplicity of notation let ¢ = ¢;;, p = pij, e = €;; and f = f;;. The resulting
equations are

d;cos(b;)q+ djcos(8;)p = e (7.17)
d;sin(6;)q + d;sin(6;)p = f. (7.18)

Now write these in matrix-vector form and compute the inverse of the matrix to obtain

(i])) B cos(6;) sin(6;) i cos(6;) sin(6;) (dél d?l) (—Slslllr(l%ﬁ)]) _C(():;)(SH(JQ)J) (;) '

Hence we obtain the asserted bounds:

1 o oo
< 2 2
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1
< 2 2,
i < Ve ]

The entry-wise bound (7.13) on P implies

dlfp S max ‘(5](6@)_”

i=m+1,...,n, j=1,...m

We must show that this inequality can be attained. Let 7,7 be a pair of indices for which
the maximum is attained. Set all the entries of ' and F' to be zero except

€ij = sin(@i), and fz'j = — COS(@Z'>.
Then ||[E, F]||r =1 and

1

P|p > |pij| = = §;(0;)71.
H ||F = |p]‘ |d] Sin(@i _ 9])| z‘:m—i—l,..r.I,ngj:l """ m| ]( ) ‘
Thus
difp > z’:m+1,..r.I,17%Xj:1 ..... m‘éj(6i>_l|’
and so we have (7.15). One can prove (7.16) in exactly the same way. O

This lemma not only gives a formula in the diagonal case. It allows us to interpret dif p:
dif 5! is the minimum perturbation of a normalized generalized eigenvalue of (A1;, Bi;) that
will make its argument the same as that of a normalized generalized eigenvalue of (Ags, Bas)
(mod ).

One would like to extend this result to the case where A;; and B;; are not diagonal by
saying that the equations (7.11-7.12) are equivalent to

(XTALX)(XT'QXo) + (XTPX, %) (X5 AnXs) = XiEpX, (7.19)
(X{B1X1)(X['QX,) + (X7 PX; ") (X5 BnXa) = X{FiaXs, (7.20)

where X; and X5 are m xm and (n—m) X (n—m) and diagonalize (A1, By; and (A, Bag)).
Then using the diagonal result Lemma 7.1 to bound X; 'QX, and X} PX; ' and then convert-
ing these bounds to bounds on ) and P. Unfortunately, in the process, we will introduce
terms || X; Y| and || X5!||. That is, ill conditioning of the eigenvectors will result in poor
bounds.

If A and B are not diagonal then we can numerically estimate values pup by estimating
|ITIpT || since we can solve T(P,Q) = (E, F) using (7.19-7.20). The standard approach
would be to use the power method on (IIpT " H*(IIpT 1) = T-™IpT~'. A very slight
improvement would be to use the Lanczos method [13]. Both these methods require the use
of the adjoint of the transformation 7. This is easily computed. Taking the inner product
on My, pn—m © My, to be

<(X,Y),(UV)> = (XU +YV*),
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we have ||[[X Y]||Z =< (X,Y),(X,Y)>. Now

<T(P,Q), (R,S)> = tr(AnQR* + PAyR* + Bj1QS* + PBypS*)

tr(QR* A1 + PAyxyR* + QS™ Byy + PB2S™)

r(P(AR" + By S™) + Q(S*Bi + R*An))
(
(

|
—+

= tr(P(RA3 + 5B3,)" + Q(B1S + AL R)")
tr P(RAQQ + SBQQ)* + Q(BHS + AHR)*)
= < (P,Q), (RAy + SBs, B11S+ AnR) >

using the fact that A; and B;; are self-adjoint in the penultimate step. Thus the adjoint of
T is
T*(R,S) = (RAg + SBag, B;1S + A R).

To compute T~(E, F) = T*}(E, F') we must solve T*(R, S) = (E, F'). This is easy since in
solving (7.19-7.20) to compute T~ we have already diagonalized (Aj1, Byy) and (Asgg, Bao).

One can avoid the use of the adjoint by using the Monte Carlo estimation: just compute
|ITpT~Y(E, F)|F for several randomly chosen pairs (E, F') and take the largest. Another nice
aspect of the Monte Carlo approach is that the expensive part of computing IIpT~(E, F) is
computing 7! (E, F). Once you have this, you can compute IIpT 1 (E, F) and IIoT(E, F)
easily, and hence estimate both dif p and dif at essentially the same computational cost.
Kenney and Laub analyze the probabilistic properties of these Monte Carlo estimates [11].

7.2 Eigenspace perturbation bounds

Now let us bound the solution of the non-linear equations, and thereby derive eigenspace
perturbation bounds.

Theorem 7.2 Suppose that (A11, B11) and (Aas, Bas) are definite pairs. To simplify nota-
tion, set
pp =difp, pg =dify, and n=|[E Fl|r.

Assume that
Antpuppg < 1. (7.21)

Then T(P,Q) = (E + PE*Q, F + PF*Q) has a unique solution and this solution satisfies
the bounds

2 .
I1P|lp < il < 2-difp - [|[E, F]ll, (7.22)
L+ /1 =2n%upuq
2 )
IQls < ) < 2-difg - [|[E, F]|. (7.23)

L+4/1—4n’uppq
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Furthermore, suppose that T(Py, Q1) = (E, F), that is, (P1,Q1) is the solution to the lin-

earized problem, then

|Plls < difp- ||[E, Fll|r
1Qillr < difg - [[[E, Fll[r
IP=Plle < [odifg- B, Flle
¢ .
Q@ — @il < ?Cdlfp'H[EvF]”F
where
¢ = AnPpppig

1+ /1= dn2uppg

Proof Recall that by definition, pp = difg and pg = difg are such that if
TU,V)=(X,Y)

then
|Ullr < ppl|[X Y]llr and |[V][r < pell[X Y]|r.

Set Py = 0 and Qg = 0, and define sequences P;, P, ... and Q1,Qs, ... by
T(Pit1, Qr1) = —(E + PE*Qr, F + BF*Qy).

We will show that these sequences converge to the desired P and Q.

(7.24)
(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

The first step is to show that the sequences are bounded. To this end, we derive bounds

on the individual terms in the sequences, using (7.29) for the first inequality:

| Petillr < wpll(B+ PiE"Qr) (F+ PiFQp)]llr
< pp([[E Flllr+ [PFE"Qr PiF Q4lllr)
< pp(m+ [ Pell|Qklln)
< wup(n+ |1 Pellp|QkllFn)-

In the same way
1Qur1llr < po(n + || Pellpl|Qll #n).-

Let Po = q4o = 0. Set

P = pp(n+ peqrn)
Ger1 = po(n+ Prarn)-

Then
| Pollr <po and [|Qollr < qo,
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and so by (7.30) (7.31) and (7.32) and induction
|Pillr <pr and ||Qkllr <q for k=1,2,....
From (7.33-7.34) it follows that g, = (ug/pp)pr thus
Pr+1 = ppn + tonpi, f(p)-
where f(p) = ppn + ugnp*. The function f is increasing on [0, 00) and has a fixed point at

* 277,[LP
p
L+4/1 —4n?uppq
Apply the increasing function f to 0 < py < p* to get
0< f(0) < f(po) < fp") =P

and hence 0 < p; < p*. Repeating this we have 0 < p, < p* for k=1,2,.... So

> 0.

| Pellr < pr < p™.
Since qr = (1q/1p)pr

2npg
L+/1 —4n?uppq

Now we shall show that the sequences Fy, Py, ... and @)y, 1, ... are Cauchy. To this end

1Qkllr < ar < q¢" =

we generate sequences A% and Af) such that
HPk—i-l_PkHF SAIIC% and |’Qk+l_QkHF§Alg)7 k:071727

Since Py =0 and @)y = 0, and
T(Plan) = _(E7 F)

by (7.29), we may take
A = ppy, and A = ugn.

Since T is linear it follows from the definition of 7" in (7.4), and that of the sequences

T(Pyt1 — Py, Quir — Qr) = — (P EQi—1 — PoEQy, Poo1 FQi—1 — PuFQy).

W= (5 gl) ma = (T g)

HQk—l — Qk“ = |Qr-1 — Qill < |Qr—1 — Qkl|r-

Let

and note that
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Then
(Peo1EQi—1 — PoEQy, Poo1 FQir—1 — PoFQy) = Py [E F]Qk—l — B [E F]Qk

From our assumption (7.29) we have

|Pes1 — Pellr < ppl|[(Pec1 EQr—1 — PLEQy) (Pio1FQir—1 — PoF Q)| r
1p||Per[E FlQr1 — P[E FlQllr
= up|(Por[E FlQk-1 — B[E FlQi1) + (P[E FlQx_1 — P[E FlQu)|lr

< up(|[Pea[E F1Qxo1 — BlE FIQiallr + | PE F1Qx-1 — BilE F)Qllr)
< pp(||Poet = PellllQe-alln + 1Qu—r — Qllll Pelln)

< pen(||Peet — Pellg” + |Qr-1 — Qllp”)

< pen(|Pe-1 — Pellrq” + ||Qr-1 — Qkllrp").

So if we set
A% = pp(¢* AR+ p AL (7.35)

it is indeed a bound on || Pyy1 — Pg||r. Similarly, we may take
N = pglg" A + " Al (7.36)

as an upper bound on ||Qx+1 — Qk|lF-
It follows from (7.35-7.36) that poAp = ppAf for k=0,1,.... Also, we have seen that
pop* = ppq*. Substituting these into (7.35), and using the definition of ¢ in (7.28) we have

Ab = 2ugp AL = (AR = = (AL = Pupn.

Thus, since ( < p < 1 by (7.21), the sequence Py, Py, ... is Cauchy, and hence converges.
Since ||P||r < p*, it follows that the limit of the sequence Py, Py,... also has Frobenius
norm at most p*.

We may apply exactly the same argument to Qg, @1, .. ..

The bounds on ||P — Pi[|p and ||Q — Q1| are easily verified using the A%’s and Af’s
we have found:

1P Pillr < 3" 8% = 0y
k=1 ¢
and similarly for Q. a
One may wonder whether the constants in this theorem are the best possible. We shall
show that the constants in (7.22) and (7.23) are within a factor of 2 of the optimal constants.

The idea is that the first order bounds (7.24-7.25) are attainable and the constants in these
bounds are only a factor of 2 less than in the rigorous bounds (7.22) and (7.23). Here are the
details for the bound on P. Since pp = dif p, (defined in (7.7)) there is a choice of non-zero
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(E, F) for which the bound (7.24) is attained. Now let (P(t),Q(t)) denote the solution to
T(P,Q)=—(tE+tPE*Q,tF +tPF*Q) for small t > 0. Set n; = ||(tE,tF)| p. Recall that
(P1(t), Q1(t)) is the solution to the linearized problem. Note that

¢ <4An’pppg < (4t (E F)llr pepg) - m
SO

1P 1P @ = 1Pu(t) = Pl

>
> ppny — (4t(E F)|lrpppg) - m
= {pp —4t|(E F)|[rpuppq} - m-

Now if [|P(t)|| < e, for all £ > 0 then

P
2l ) — i o — 46)(E F) o =
Thus, our bound 2upn in (7.22) is within a factor of 2 of optimality.

The next lemma is of independent interest. It shows how one can deduce a bound on
the angle between two subspaces from a norm bound on the difference between two matrices
whose columns span the subspaces.

We let R(X) = RX denote the range of the matrix X, and O(-, ) denotes the diagonal
matrix of canonical angles between two subspaces. See, for example, [14, Section 1.5.2] for a
formal definition.

Lemma 7.3 Let X, X € M,,,. Let |||- ||| denote any unitarily invariant norm. Assume
that | X — X|| < o(X). Then

o, (XOII1X — X]|

e (XX =X (7:37)

Il tan(©(R(X), RN | < -

Proof First assume that X has orthonormal columns, and so ¢,,(X) = 1. Let Q € M,
be a unitary matrix such that
I,
ox = (7).

(N
= (1)
IT-nl<x-X]<1,
and that Y and Y (I 4+ Y7)~! have the same range space. So

Let Y = QX and partition Y as

Note that

O(R(X),R(X)) = G(R(é)R(@)

= 0(R(0) Ry tvy))
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Thus the singular values of Y5(I — Y7)™! are the tangents of the canonical angles between

the subspaces
I I
R (p) R (v Sy )

and so

Il tan(@(R(X), REONIN = [I[¥a(l +¥i) |l

Yalll 7+ )™

Ml
Tl
11X - X

S T X x|

IA

IA

Since 0,,(X) = 1, this is (7.37).

If X doesn’t have orthonormal columns then write X = QR where Q € M,,, has
orthonormal columns. We may then apply the result to Q = XR™! and XR™', which have
the same ranges as X and X. O

Theorem 7.4 Let (A, B) be a definite pair of n x n Hermitian matrices, and take m €
{1,...,n —1}. Suppose that X = (X1 Xs) has unit columns and that Ay, By € M, are

such that
* (A 0 * _(Bu 0 )
XAX—(O A22>, and XBX—(O By )
Let 5 )
A By By Fio
X*A+EX:<* ~>, dX*B—i—FX:(* ~>.
( ) Efy A o ( ) Fi5  Ba
Set
pp = difp(An, Biy, As, B) (7.38)
pog = difg(An, Biy, Ay, By). (7.39)

Assume that 4n*ppug < 1 where n = ||(Eyy Fi2)||F.

Then there is a matriz 'Y such that Y = (Y1 Y2) and Y*(A+ E)Y and Y*(B + F)Y are
block diagonal where
Yi=X1+XoP, Yo=Xo+ X1Q

and

1Pl < 2ppl|(Erz Fio)llF (7.40)
1QIlF < 2ugll(Erz Fi2)llr- (7.41)

Consequently,

20p0 (X)) | Xo|| | (Ere Fio)|lr
— 2ppo M (X0) || Xo||[[(Br2 Fi2)||F
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and

2pp0, L (X)) X0 | (Er2 Fro)llr
tan(0(R(X,), R(Y: < n—m .
Itan(ORX) RODr < 775 o T 11 Brs Fia) e

(7.43)

The quantities 0,,'(X;) and || X|| occur in our tan © bound (7.42). Since X; and X, are

required to have unit columns o, }(X;) and || X3/ will be minimized if we take X; and X, to
have orthonormal columns. The resulting bound

2up||(Er2 Fo)llr
—2up||(Era Fro)lF’

Itan(O(R(X4), R(Y)))l|r < 5 (7.44)
is much cleaner. We did not explicitly make this choice of X; and X5 in the theorem because

the choice of X; and X5 also determines 12122 and ng which occur in the definition of T" and
may thus adversely affect the value of up.

7.3 Comparison with results of Stewart and Sun

Now let us compare our bounds with those in [14, Chapter 6, Section 3].
In [14, Theorem VI.3.7] Stewart and Sun give a bound on

max{||P||r, @} (7.45)

We have seen that in the definite generalized eigenvalue problem it is possible for one of a
pair of complementary eigenspaces to be much better conditioned than the other!*. A bound
on (7.45) cannot detect this while our separate bounds on P and @ in (7.22) and (7.23) can.
It is hard to compare our bounds directly with those in [14, Theorem VI.3.7] because of the
different notation. When E and F' are sufficiently small the bound in [14, Theorem VI.3.7]
on P assumes the form

< Xl Xl r max{ | E, | £}
)

1P| (7.46)

where X = (X; Xs) is such that
X*AX = diag(cos(by),...,cos(0,)), X*BX = diag(sin(6;),...,sin(6,))

(note: this choice of X corresponds to the normalization (1.1) and is not the normalization
we use in this paper) and

The columns of X have lengths y/d; .

1This is in contrast to the symmetric eigenvalue problem where both pairs are have the same condition
number because in the symmetric eigenvalue problem complementary eigenspaces are necessarily orthogonal
complements.
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There are a couple of nice aspects of (7.46) as compared with other results in the litera-
ture. Firstly, the Crawford number does not appear-rather we see the d; ’s in the form of
| X1]|F and || X2||F. Secondly, if it should happen that though d,, is small, the quantities
dyi,...,d,, are all large then || X;||r will be small. That is, this bound can exploit the fact
that the normalized generalized eigenvalues are large in one group.

Never-the-less, our bounds in Theorem 7.2 are stronger. As before (7.46) bounds the
separation by looking at the angular separation, i.e. min |sin(f; — 6,)|, and the magnitude,
i.e. dmin, separately, whereas we look at them together in pp and jig. In the diagonal case
our bound is demonstrably stronger. In the general case one would expect our bound to be
stronger. Our bound can be weaker by a factor of at most 2, since it is within a factor of 2
of the optimal bound.

Here is an example to show that even when pp and pg are equal our bounds (7.22) and

(7.23) can be much stronger than (7.46).
Example 7.5 Lett > 0 and set

1 2

—1 t

The normalized generalized eigenvalues of (A, B) are the pairs (1,2), (1,t), (-1,2), (-1,t).
The reader may want to plot these pairs on the plane.

Let us take m = 2 and think of ¢ as being large. Then, since in (7.46) the columns of X

have norms d; * we have

1Xi[r = | Xollr = /(1 +22) 71+ (12 +£2) "L~ 1/V5

and
§ =~ 2/t

SO
Xl Xl ¢
o 10°
This is the factor that multiplies the norm on the perturbation (E, F') in (7.46). It is linear
in 7.
In our bounds the error is multiplied by pup or pg. Plotting the normalized generalized
eigenvalues, and using the fact that 6;(6;) is the distance from the jth generalized unit

eigenvalue to the line through the origin and the kth generalized eigenangle, one can see
that

_ (p|-1
pp = _max [0;(0:)] =1,

independent of ¢.

48



Now let us compare (7.22-7.23) with [14, Theorem VI.3.10]:

VA2 + B2 I EX I3 + | F X3

H Sln@(R(Xl)aR(Xl))HF < C(A, B) \/55 C(A, B) )

(7.47)

where the matrices X and X block diagonalize (A, B) and A+ E, B+ F) and X = (X1, X»)
is such that X; and X5 have orthonormal columns, and ¢ is as before.

There are two essential differences. Firstly, Stewart and Sun’s bound contains an addi-
tional factor

142 + B||
¢(A, B)

(which is roughly the ratio of the distance of furthest point from the origin in W (A +iB) to
the closest point) where we have the factor n. Secondly, the bound in (7.47) uses dc(A, B)

where we use dif ' or difél. It is not hard to construct examples where the ratio

dc(A, B)

dif o'

is arbitrarily close to 0. Thus (7.22) can be stronger than (7.47). In the diagonal case
the formula (7.15) shows that dc(A, B) < dif p. One might expect that in the general case
dc(A, B) < ¢(n)difp for some moderate function ¢(n) but we have not been able to prove
this.

Stewart and Sun observe that the presence of the two Crawford numbers in the denom-
inator of (7.47) is troubling and ask whether both of them should be there. In (7.42) and

(7.44) have replaced the two Crawford numbers with a single pp'. In the diagonal case our
bound is stronger.

8 Conclusions

We have proposed the use of normalized generalized eigenvalues in the perturbation theory
for the definite generalized eigenvalue problem. The use of normalized generalized eigenval-
ues, rather than eigenangles (normalization (1.1)) or generalized eigenvalues (normalization
(1.2)), preserves the scale of the eigenvalue rather than normalizing the eigenvalue for the
purposes of esthetics/uniqueness. The resulting perturbation bounds are generally stronger
than the existing bounds. They can be stronger by an arbitrarily large factor, and are never
much weaker.

In the case of eigenangles, qualitative forms of our quantitative bounds were given by
Stewart in 1972, and are proposed as error estimates in LAPACK [1, eigenangle bound on
p. 60]. However in the case of eigenvectors, the observation that

16;(0)| = dj| sin(0; — 0}
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is the appropriate gap appears to be completely novel. It provides a great advance over
existing analyzes, in that the bounds it yields are much stronger than the bounds in the
literature, and in fact they are asymptotically optimal. They allow one to determine the
condition number of eigenvectors, and show that complementary eigenspaces can have very
different condition numbers.

Our approach has resolved two open question in [14, Chapter VI]. It has also provided
some insight as to why ill-disposed eigenangles do not usually compromise the accuracy of
other eigenangles. Finally, our approach has provided clean quadratic bounds for off diagonal
perturbations.

Our approach has been to first analyze the diagonal case and then extend the results to
the general case by introducing a factor of || X||? into the bounds. While this is certainly

simple, and gives fairly good bounds here because | X||? < n, it is not elegant. A direct
analysis of the general case would be ideal.
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